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Abstract. A real function / is ward continuous if / preserves quasi-Cauchyness, 
i.e. (f(x n )) is a quasi-Cauchy sequence whenever (x n ) is quasi-Cauchy; and a 
subset E of R is quasi-Cauchy compact if any sequence x = (x n ) of points in 
E has a quasi-Cauchy subsequence where R is the set of real numbers. These 
known results suggest to us introducing a concept of upward (respectively, 
downward) half quasi-Cauchy continuity in the sense that a function / is up- 
ward (respectively, downward) half quasi-Cauchy continuous if it preserves up- 
ward (respectively, downward) half quasi-Cauchy sequences, and a concept of 
upward (respectively, downward) half quasi-Cauchy compactness in the sense 
that a subset E of R is upward (respectively, downward) half quasi-Cauchy 
compact if any sequence of points in E has an upward (respectively, downward) 
half quasi-Cauchy subsequence. We investigate upward (respectively, down- 
ward) half quasi-Cauchy continuity and upward (respectively, downward) half 
quasi-Cauchy compactness, and prove related theorems. 



1. Introduction 

Recently, a concept of forward continuity of a real function / was introduced in 
the sense that / is called forward continuous if (f(x n )) is a quasi-Cauchy sequence 
whenever (x n ) is quasi-Cauchy (see [1], and [2]). A subset E of R, the set of real 
numbers, is bounded if and only if any sequence of points in E has a quasi-Cauchy 
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subsequence where a sequence x = (x n ) is quasi-Cauchy if for every e > there 
exists an no G N such that \x n — x n+ i\ < e for n > no where N denotes the set of 
positive integers (see [3], [4], and [5]). Using the idea of forward continuity of a real 
function and the idea of forward compactness, we introduce a concept of upward half 
quasi-Cauchy continuity in the sense that a function / is upward half quasi-Cauchy 
continuous if it transforms upward half quasi-Cauchy sequences to upward half 
quasi-Cauchy sequences, i.e. (f(x n )) is upward half quasi-Cauchy whenever (x n ) is 
upward half quasi-Cauchy, and a concept of upward half quasi-Cauchy compactness 
in the sense that a subset E of R is upward half quasi-Cauchy compact if any 
sequence of points in E has an upward half quasi-Cauchy subsequence where a 
sequence x = (x n ) is called upward half quasi-Cauchy if for every e > there 
exists an n € N so that x n — x n+1 < e for n > n . We then similarly state a 
definition of a concept of downward half quasi-Cauchy continuity in the sense that 
a function / is downward half quasi-Cauchy continuous if it transforms downward 
half quasi-Cauchy sequences to downward half quasi-Cauchy sequences, i.e. (f(x n )) 
is downward half quasi-Cauchy whenever (x n ) is downward half quasi-Cauchy, and 
a definition of a concept of downward half quasi-Cauchy compactness in the sense 
that a subset E of R is downward half quasi-Cauchy compact if any sequence 
of points in E has a downward half quasi-Cauchy subsequence where a sequence 
x = (x n ) is called downward half quasi-Cauchy if for every e > there exists an 
no G N so that x n+ \ — x n < e for n > n . 

The purpose of this paper is to introduce the concepts of upward and downward 
half quasi-Cauchy continuity of a function and the concepts of upward and down- 
ward half quasi-Cauchy compactness of a subset of R and prove related theorems. 

2. Preliminaries 

We will use boldface letters a, x, y, z, ... for sequences a = (afe), x = (x n ), 
y = (Vn), z = (z n ), ■■■ of points in R for the sake of abbreviation, s and c will 
denote the set of all sequences, and the set of convergent sequences of points in R. 
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A subset of R is compact if and only if it is closed and bounded. A subset A of 
R is bounded if \a\ < M for all a € A where M is a positive real constant number. 
This is equivalent to the statement that any sequence of points in A has a Cauchy 
subsequence. The concept of a Cauchy sequence involves far more than that the 
distance between successive terms is tending to zero. Nevertheless, sequences which 
satisfy this weaker property are interesting in their own right. A sequence (a„) of 
points in R is quasi-Cauchy if (Aa n ) is a null sequence where Aa„ = a n+ i — a n . 
These sequences were named as quasi-Cauchy by Burton and Coleman [3, page 
328], while they were called as forward convergent to sequences in [2, page 226]. 

It is known that a sequence (a„) of points in R is slowly oscillating if 

lim lim„ max \otk — a n \ = 

A^l+ n+l<fc<[An] 

where [An] denotes the integer part of An (see [6, Definition 2 page 947]). Any 
Cauchy sequence is slowly oscillating, and any slowly oscillating sequence is quasi- 
Cauchy. There are quasi-Cauchy sequences which are not Cauchy. For example, 
the sequence (v^) is quasi-Cauchy, but not Cauchy. Any subsequence of a Cauchy 
sequence is Cauchy. The analogous property fails for quasi-Cauchy sequences, and 
fails for slowly oscillating sequences as well. A counterexample for the case, quasi- 
Cauchy, is again the sequence (a„) = (v^) with the subsequence (a„2) = (n). A 
counterexample for the case slowly oscillating is the sequence (logion) with the 
subsequence (n). Furthermore we give more examples without neglecting: the 
sequences (J2k=i «)' n )' Q n n ))' ^ n Q n G nn )))vj {In {In {ln{...{lnn)...)) 
and combinations like that are all slowly oscillating, but not Cauchy. The bounded 
sequence (cos{6log{n +1))) is slowly oscillating, but not Cauchy. The sequences 
(cos{iry/n)) and (X)fc=i (i)(Sj=i j)) are quasi-Cauchy, but slowly oscillating(see 
[7] and [8]). 

By a method of sequential convergence, or briefly a method, we mean a linear 
function G defined on a subspace of s, denoted by cg, into R. A sequence x = {x n ) 
is said to be G-convergent to I if a. e cg and G(a) = i ([9]). In particular, lim 
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denotes the limit function lim a = lim„ a n on the space c of convergent sequences of 
points in R. A method G is called regular if c C cq , i.e. every convergent sequence 
a = (a n ) is G-convergent with G(a) = lima. 

Consider an infinite matrix A = (a„fc)£° fc=1 of real numbers. Then, for any 
sequence x = (x n ) the sequence Ax is defined as 

oo 

Ax ^ &nk%k)n 

k=l 

provided that each of the series converges. A sequence x is called A-convergent (or 
A-summable) to i if Ax exists and is convergent with 

oo 

lim Ax = lim a n kXk = £■ 

n— ^oo ^ — 4 

fe=l 

Then I is called the A-limit of x. We have thus defined a method of sequential 
convergence, i.e. G(x) = lim Ax, called a matrix method or a summability matrix. 

The concept of statistical convergence is a generalization of the usual notion 
of convergence that, for real- valued sequences, parallels the usual theory of con- 
vergence. A sequence (afc) of points in R is called statistically convergent to an 
element I of R if for each e 

lim -\{k < n : \a k - 1\ > e}\ = 0, 

n— 7-00 Ti 

and this is denoted by st — lim^oo = £ (see [10], [11], [12], [13], and [14]). This 
defines a method of sequential convergence, i.e. G(a) := st — lim^oo a^. 

A lacunary sequence 9 = (k r ) is an increasing sequence 9 = (k r ) of positive 
integers such that k — and h r : k r —k r -i — > oo. The intervals determined by 9 will 
be denoted by I r — (fc r _i, k T ], and the ratio -^—^ will be abbreviated by q r . Sums 
of the form \ a k\ frequently occur, and will often be written for convenience 

as J2kei \ a k\- Throughout this paper, we will assume that limm/ r q r > 1. 

The notion of Ng convergence was introduced, and studied by Freedman, Sem- 
ber, and M. Raphael in [15]. Basarir and Altundag studied A-TVe-asymptotically 
equivalent sequences in [16]. 
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A sequence (afc) of points in R is called iVe-convergent to an element I of R if 



and it is denoted by Ng — lim a k — £■ This defines a method of sequential conver- 
gence, i.e. G{a) :— Ng — lim a k . Any convergent sequence is ^-convergent, but 
the converse is not always true. Throughout the paper Ng will denote the set of 
Ng convergent sequences of points in R. 

Using the idea of Sember and Raphael, Fridy and Orhan ([17]) introduced lacu- 
nary statistical convergence (see also [18], [19], [20], [21], [22], and [23]). 

A real sequence (xk) is called lacunary statistically convergent to an element i 



for every e > where I r = (fc r - 1, k r ] and fc = 0, h r : k r — fc r _i — > oo as r — > oo 
and 6 = (k r ) is an increasing sequence of positive integers. For an introduction to 
lacunary statistical convergence for real or complex number sequences see [17] and 



For example, limit of the sequence of the ratios of Fibonacci numbers converge 
to the golden mean. This property ensures the regularity of lacunary sequential 
method obtained via the sequence of Fibonacci numbers, i.e. 6 = (k r ) is the 
lacunary sequence defined by writing ko = and k r = F r+2 where (F r ) is the 
Fibonacci sequence, i.e. iq = 1, F 2 = 1, F r = F r _i + F r _ 2 for r > 3. 

Connor and Grosse-Erdmann [9] gave sequential definitions of continuity for real 
functions calling G-continuity instead of ^4-continuity and their results cover the 
earlier works related to A-continuity where a method of sequential convergence, or 
briefly a method, is a linear function G defined on a linear subspace of s, denoted 
by cq, into R. A sequence x = (x n ) is said to be G-convcrgent to I if x e cq and 
G(x) = £. In particular, lim denotes the limit function limx = lim„ x n on the linear 
space c and st — lim denotes the statistical limit function st — lim x = st — lim„ x n 
on the linear space si(R). A function / is called G-continuous at a point u provided 




of R if 



lim — \{k £ I r : \x k -£\ > e}\ = 



[24]). 
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that whenever a sequence x = (x n ) of terms in the domain of / is G-convergent to 
it, then the sequence /(x) = (f(x n )) is G-convergent to f(u). A method G is called 
regular if every convergent sequence x = (x n ) is G-convergent with G(x) = limx. 
A method is called subsequential if whenever x is G-convergent with G(x) = I, then 
there is a subsequence (x„ fc ) of x with lim^ x nk — I. Recently, Cakalli gave new 
sequential definitions of compactness and slowly oscillating compactness in [25], 
and [7] (see also [8]), respectively. 

Now we recall the concepts of ward compactness, and slowly oscillating com- 
pactness: a subset A of R is called ward compact if whenever (a n ) is a sequence 
of points in A there is a quasi-Cauchy subsequence z = (zk) = {ot nk ) of (a n ) ([2]). 
A subset A of R is called slowly oscillating compact if whenever (a„) is a sequence 
of points in A there is a slowly oscillating subsequence z = (zk) — (a„ fc ) of (a n ) ([7]). 

A function / is called G-sequentially continuous at u <E R if, given a sequence 
c* = (a n ) of points in R, G(a) = u implies that G(/(a)) = f(u). 

Recently, Qakalh ([25, page 594], [26]) gave a sequential definition of compact- 
ness, which is a generalization of ordinary sequential compactness, as in the follow- 
ing: a subset A of R is G-sequentially compact if for any sequence (ak) of points 
in A there exists a subsequence z of the sequence such that G(z) <G A. His idea en- 
ables us obtaining new kinds of compactness via most of the non-matrix sequential 
convergence methods, as well as all matrix sequential convergence methods. 

Recently, Palladino ([27]) introduced a concept of upward half Cauchness, and 
a concept of downward half Cauchyness as in the following: 

Definition 1. A sequence (x n ) of points in R is called upward half Cauchy if for 
every e > there exists an n e N so that x n — x m < e for m > n > n . 

Any Cauchy sequence is upward half Cauchy, so any convergent sequence is. Any 
subsequence of an upward half Cauchy sequence is again upward half Cauchy. 
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Definition 2. We say that a sequence (x n ) of points in R is downward half Cauchy 
if for every e > there exists an no € N so that x m — x n < e for m > n > hq. 

Any Cauchy sequence is downward half Cauchy so any convergent sequence 
is. Any subsequence of a downward half Cauchy sequence is again downward half 
Cauchy. 

In [27] a sequence (x n ) of points in R is called half Cauchy if the sequence is 
either upward half Cauchy, or downward half Cauchy, or both and it was proved 
that a sequence (x n ) of points in R is Cauchy if and only if it is both upward half 
Cauchy and downward half Cauchy. 

3. Half quasi-Cauchy sequences 

First we recall that a sequence (x n ) of points in R is quasi Cauchy if (x n — x n +i) 
is a null sequence. Recently quasi-Cauchy sequences have been studied by Burton 
and Coleman [3], and by the author [2] and they obtained interesting results on 
uniform continuity. 

Quasi-Cauchy sequences arise in diverse situations, and it is often difficult to 
determine whether or not they converge, and if so, to which limit. It is easy to 
construct a zero-one sequence such that the quasi-Cauchy average sequence does not 
converge. The usual constructions have a somewhat artificial feeling. Nevertheless, 
there are sequences which seem natural, have the quasi-Cauchy property, and do not 
converge. We give three interesting examples which are not sequences of averages. 

Example 1. Let n be a positive integer. In a group of n people, each person 
selects at random and simultaneously another person of the group. All of the 
selected persons are then removed from the group, leaving a random number m < n 
of people which form a new group. The new group then repeats independently the 
selection and removal thus described, leaving n 2 < n\ persons, and so forth until 
either one person remains, or no persons remain. Denote by p n the probability 
that, at the end of this iteration initiated with a group of n persons, one person 
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remains. Then the sequence p = (pi,P2, ,Pn, •••) is a quasi-Cauchy sequence, and 
limpn does not exist ([28]). 

Example 2. Let n be a positive integer. In a group of n people, each person 
selects independently and at random one of three subgroups to which to belong, 
resulting in three groups with random numbers m, n 2 , n 3 of members; ni+n 2 +n 3 = 
n. Each of the subgroups is then partitioned independently in the same manner to 
form three sub subgroups, and so forth. Subgroups having no members or having 
only one member are removed from the process. Denote by t n the expected value 
of the number of iterations up to complete removal, starting initially with a group 
of n people. Then the sequence {t\, ^, ^, ^, ...) is a bounded nonconvergent 
quasi-Cauchy sequence. 

Example 3. Let x := (x n ) be a sequence such that for each nonnegative integer 
n, x n is either or 1. For each positive integer n set a n = x i+ x 2+---+ x ™ . Then a n 
is the arithmetic mean average of the sequence up to time or position n. Clearly 
for each n, < a n < 1. (a n ) is a quasi-Cauchy sequence. That is, the sequence of 
averages of s and 1 s is always a quasi-Cauchy sequence. 

Using the idea of the definition of an upward half Cauchy sequence, we introduce 
a concept of upward half quasi-Cauchy sequence. 

Definition 3. We say that a sequence (x n ) of points in R is upward half quasi- 
Cauchy if for every e > there exists an n e N such that x n — x n+ \ < e for 
n > uq. 

Any quasi-Cauchy sequence is upward half quasi-Cauchy, so any slowly oscillating 
sequence is upward half quasi-Cauchy, so any Cauchy sequence is, so any convergent 
sequence is. Any upward half Cauchy sequence is upward half quasi-Cauchy. 

As in the case that a sequence x = (x n ) is Cauchy if and only if every subsequence 
of x is quasi-Cauchy we have the following for upward half Cauchyness. 

Theorem 1. A sequence x = (x n ) of points in R is upward half Cauchy if and 
only if every subsequence of x is upward half quasi-Cauchy. 
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Proof. It is clear that if x = (x n ) is upward half Cauchy, then any subsequence of 
x is upward half quasi-Cauchy. To prove the converse now suppose that (x n ) is not 
upward half Cauchy so that there is a positive real number e such that for every 
positive integer n there exist positive integers k n and k m satisfying k m > k n > n 
and Xk n — Xk m > e - Choose positive integers k\ and k 2 satisfying fc 2 > k\ > 1 and 
Xk! —Xk 2 > so- For n = 2 choose positive integers £3 and k± satisfying k± > fc 3 > fc 2 
and Xk 3 — Xk 4 > £o- Having inductively chosen positive integers k n and k n +\ 
satisfying k n +i > k n > k n -i and Xk n — xu n+1 > £0 that we can choose positive 
integers k n+2 and k n+3 satisfying k n+3 > k n+2 > fc„+i and x kn+2 - x kn+3 > e . 
Hence the subsequence (xk n ) is not upward half quasi-Cauchy. Thus the proof of 
the theorem is completed. □ 

Now we introduce a definition of upward half Cauchy compactness of a subset 
of R. 

Definition 4. A subset E of R is called upward half Cauchy compact if whenever 
x = (x n ) is a sequence of points in E there is an upward half Cauchy subsequence 
z = (z fe ) = (x„ k ) of x. 

Firstly, we note that any finite subset of R is upward half Cauchy compact, union 
of two upward half Cauchy compact subsets of R is upward half Cauchy compact 
and intersection of any upward half Cauchy compact subsets of R is upward half 
Cauchy compact. Furthermore any subset of an upward half Cauchy compact set is 
upward half Cauchy compact and any bounded subset of R is upward half Cauchy 
compact. Any compact subset of R is also upward half Cauchy compact. We note 
that any slowly oscillating compact subset of R is upward half Cauchy compact 
(see [7] for the definition of slowly oscillating compactness). 

Definition 5. We say that a sequence (x n ) of points in R is downward half quasi- 
Cauchy if for every e > there exists an no € N such that x n+ \ — x n < e for 
n > uq. 
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Any quasi-Cauchy sequence is downward half quasi-Cauchy, so any slowly os- 
cillating sequence is downward half quasi-Cauchy, so any Cauchy sequence is, so 
any convergent sequence is. Any downward half Cauchy sequence is downward half 
quasi-Cauchy. 

As in the case that a sequence x = (x n ) is upward half Cauchy if and only 
if every subsequence of x is upward half quasi-Cauchy we have the following for 
downward half Cauchyness. 

Theorem 2. A sequence (x n ) of points in R is downward half Cauchy if and only 
if every subsequence of (x n ) is downward half quasi-Cauchy. 

Proof. It is clear that if x = (x n ) is downward half Cauchy, then any subsequence 
of x is downward half quasi-Cauchy. To prove the converse now suppose that 
(x n ) is not downward half Cauchy so that there is a positive real number Sq such 
that for every positive integer n there exist positive integers k n and k m satisfying 
k m > k n > n and Xk m — Xk n > e - Choose positive integers k\ and ki satisfying 
fc 2 > ki > 1 and Xk 2 — x^ > £o- For n — 2 choose positive integers fc 3 and k± 
satisfying k± > fc 3 > fc 2 and Xk 4 — Xk 3 > £o- Having inductively chosen positive 
integers k n and k n+1 satisfying k n+1 > k n > fc„_i and Xk n+1 — xu n > £o that 
we can choose positive integers fc„ + 2 and fc n +3 satisfying fc„+3 > k n+ 2 > k n+ \ and 
x k n+3 — x k n+2 > £ a- Thus the subsequence (xk n ) is not downward half quasi-Cauchy. 
Hence the proof of the theorem is completed. 

□ 

Now we introduce a definition of downward half Cauchy compactness of a subset 
of R. 

Definition 6. A subset E of R is called downward half Cauchy compact if whenever 
x = {x n ) is a sequence of points in E there is a downward half Cauchy subsequence 

Z = (Zfc) = (x nk ) Of X. 
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Firstly, we note that any finite subset of R is downward half Cauchy compact, 
union of two downward half Cauchy compact subsets of R is downward half Cauchy 
compact and intersection of any downward half Cauchy compact subsets of R is 
downward half Cauchy compact. Furthermore any subset of an downward half 
Cauchy compact set is downward half Cauchy compact and any bounded subset of 
R is downward half Cauchy compact. Any compact subset of R is also downward 
half Cauchy compact, and the set N is not downward half Cauchy compact. Wc 
note that any slowly oscillating compact subset of R is downward half Cauchy 
compact. 

Definition 7. We say that a sequence (x n ) of points in R is half quasi-Cauchy if 
the sequence is either upward half quasi-Cauchy, or downward half quasi-Cauchy, 
or both. 

As we expected, we have the following: 

Theorem 3. A sequence (x n ) of points in R is quasi-Cauchy if and only if it is 
both upward half quasi-Cauchy and downward half quasi-Cauchy. 

Proof. Suppose that a sequence (x n ) of points in R is quasi-Cauchy and choose an 
arbitrary e > 0. Since (x n ) is quasi-Cauchy there exists a positive integer n such 
that \x„ — x n+ i \ < e for n > n . Now we obtain that x n — x n+ \ < \x n — x n+ \\ < e 
and x n+ i — x n < \x n — x n +i\ < £ for n > uq. Thus (x n ) is both upward half 
quasi-Cauchy and downward half quasi-Cauchy. Now suppose (x n ) is both upward 
half quasi-Cauchy and downward half quasi-Cauchy. Choose an arbitrary e > 0. 
Since (x n ) is upward half quasi-Cauchy, there exists a positive integer n\ such that 
x n — x n+ i < e for n > m. Since (x n ) is downward half quasi-Cauchy, there exists 
a positive integer n 2 such that x n+ \ — x n < e for n > n 2 . Write n = max{ni,n 2 }. 
Then — e < x n — x n+ \ < e for n > no, so \x n — x n +i\ < £ for n > uq. This completes 
the proof of the theorem. □ 
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A real function / is continuous if and only if, for each point I in the domain, 
linin^co f(x n ) = f(£) whenever linin^oo x n = I. This is equivalent to the statement 
that (f(x n )) is a convergent sequence whenever (x n ) is. This is also equivalent to 
the statement that (f(x n j) is a Cauchy sequence whenever (x n ) is Cauchy. These 
well known results for continuity for real functions in terms of sequences might 
suggest to us giving a new type continuity, namely, upward half Cauchy continuity: 

Definition 8. A function / is called upward half Cauchy continuous on E if the 
sequence (f(x n )) is upward half Cauchy whenever x = (x n ) is an upward half 
Cauchy sequence of points in E. 

We note that sum of two upward half Cauchy continuous functions is upward half 
Cauchy continuous and composite of two upward half Cauchy continuous functions 
is upward half Cauchy continuous. 

In connection with upward half Cauchy sequences and convergent sequences the 
problem arises to investigate the following types of continuity of functions on R 
where C + denotes the set of all upward half Cauchy sequences of points in R. 

(C+): (x n ) eC+^ (f(x n )) G C+ 
(C+c): (x n ) eCH (f(x n )) e c 
(c): (x n ) ec^f (f(x n )) € c 

(cC+): (x n )ec^>(f(x n ))eC+ 

We see that (C + ) is upward half Cauchy continuity of / and (c) states the 
ordinary continuity of /. It is easy to see that (C + c) implies (C + ), and (C + ) does 
not imply (C + c); and (C + ) implies (cC + ), and c(C + ) does not imply (C + ); (C + c) 
implies (c) and (c) does not imply (C + c); and (c) is equivalent to (cC + ). 

We see that (c) can be replaced by statistical continuity, i.e. st— lim^oo f(x n ) = 
f(£) whenever x = (x n ) is a statistically convergent sequence with st— lim^oo x n — 
t. 

Now we give the implication (C + ) implies (c), i.e. any upward half Cauchy 
continuous function is continuous in the ordinary sense. 
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Theorem 4. If f is upward half Cauchy continuous on a subset E of R, then it is 
continuous on E in the ordinary sense. 

Proof. Let (x n ) be any convergent sequence with lim^oo Xk = L Then 

(x\,i,X2i&i • x n , £, ...) 

is also convergent to I. So it is upward half Cauchy. Hence 

(f (xi), f (I), f(x 2 ),f (£),..., f(x n ),f (£),...) 

is upward half Cauchy, therefore it is upward half quasi-Cauchy. Let e > 0. There 
exists an no G N so that f(x n ) — I < e and I — f(x n ) < e for n > n . Hence 
\f{x n ) — t\ < £ for n > n . It follows from this that the sequence (f(x n j) converges 
to f{t). This completes the proof of the theorem. □ 

Now we state the following result related to statistical continuity and upward 
half Cauchy continuity. 

Corollary 1. If f is upward half Cauchy continuous, then it is statistically con- 
tinuous. 

Theorem 5. Upward half Cauchy continuous image of any upward half Cauchy 
compact subset of R is upward half Cauchy compact. 

Proof. Write y n = f(x n ) where x n € E for each n e N. Upward half Cauchy 
compactness of E implies that there is an upward half Cauchy subsequence z = 
(zk) = (x,i k ) of x. Write (tk) = /(z) = (f(zk))- {tk) is an upward half Cauchy 
subsequence of the sequence /(x). This completes the proof of the theorem. □ 

Corollary 2. Upward half Cauchy continuous image of any compact subset of R 
is compact. 

It is a well known result that uniform limit of a sequence of continuous functions 
is continuous. This is also true in case upward half Cauchy continuity, i.e. uniform 
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limit of a sequence of upward half Cauchy continuous functions is upward half 
Cauchy continuous. 

Theorem 6. If (/„) is a sequence of upward half Cauchy continuous functions 
defined on a subset E of R and (/„) is uniformly convergent to a function f, then 
f is upward half Cauchy continuous on E. 

Proof. Let e > 0. There exists a positive integer N such that \f n {x) — f(x)\ < § 
for all x G E whenever n > N. Take any upward half Cauchy sequence (x n ) of 
points in E. Since /jv is upward half Cauchy continuous, there exists a positive 
integer Ni, depending on e, and greater than N such that /jv(^n) — fN{x m ) < § 
for m > n > N\. Now for m > n > N\ we have 

f(Xn) - f(x m ) = f(x n ) - fN{x n ) + fN{x n ) - fN{x m ) + /w^m) - f(x m ) 

< f(x„) - f N (x„) + | + fN(x m ) - f(x m ) 

< \f(Xn) - fN(x n )\ + | + \f N (x m ) ~ f(x m )\ <| + | + |=£- 

□ 

Now we give the definition of downward half Cauchy continuity of a real function 
analogous to the definition of upward half Cauchy continuity. 

Definition 9. A function / is called downward half Cauchy continuous on E if the 
sequence (f(x n j) is downward half Cauchy whenever x = (x n ) is a downward half 
Cauchy sequence of points in E. 

We note that sum of two downward half Cauchy continuous functions is down- 
ward half Cauchy continuous and composite of two downward half Cauchy contin- 
uous functions is downward half Cauchy continuous. 

In connection with downward half Cauchy sequences and convergent sequences 
the problem arises to investigate the following types of continuity of functions on 
R where C~ denotes the set of all downward half Cauchy sequences of points in R. 
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(C-): (x n ) (f(x n )) G C" 

(C-c): (x„) (/(z„)) € c 

(c): (ar„) £c=!> (/(#„)) € c 

(cC-): wec=>(/ygc- 

We see that (C~) is downward half Cauchy continuity of /. It is easy to see that 
(C~c) implies (C~), and (C~) does not imply (C~c); and (C~) implies (cC - ), and 
(cC~) does not imply (C~); (C~c) implies (c) and (c) does not imply (C _ c); and 
(c) is equivalent to (cC~). 

Now we give the implication (C~) implies (c), i.e. any upward half Cauchy 
continuous function is continuous in the ordinary sense. 

Theorem 7. If f is downward half Cauchy continuous on a subset E of R, then 
it is continuous on E in the ordinary sense. 

Proof. Let (x n ) be any convergent sequence with lim^oo Xk = I. Then 

{x \ , £ 7 X2 x n , £ : ...) 

is also convergent to I. So it is downward half Cauchy. Hence 

(f ( Xl ), f(£),f(x 2 ),f (£),..., f(x n ),f (£),...) 

is downward half Cauchy, therefore it is downward half quasi- Cauchy. Let e > 0. 
There exists an no € N so that f(x n ) — £ < e and I — f(x n ) < e for n > n . Hence 
\f{x n ) — £\ < £ for n > n . It follows from this that the sequence (f(x n j) converges 
to f{£). This completes the proof of the theorem. □ 

Now we state the following result related to statistical continuity and downward 
half Cauchy continuity. 

Corollary 3. If f is downward half Cauchy continuous, then it is statistically 
continuous. 



HUSEYiN CAKALLI DEPARTMENT OF MATHEMATICS, MALTEPE UNIVERSITY, MARMARA EGlTiM KOYU, TR 34857, MALTEP 

Theorem 8. Downward half Cauchy continuous image of any downward half Cauchy 
compact subset of R is downward half Cauchy compact. 

Proof. Write y n = f(x n ) where x n G E for each n e N. Downward half Cauchy 
compactness of E implies that there is a downward half Cauchy subsequence z = 
(zk) = {x nk ) of x. Write (tk) — /(z) = (f(zk))- {tk) is a downward half Cauchy 
subsequence of the sequence /(x). This completes the proof of the theorem. □ 

Corollary 4. Downward half Cauchy continuous image of any compact subset of 
R is compact. 

It is a well known result that uniform limit of a sequence of continuous functions 
is continuous. This is also true in the case of downward half Cauchy continuity, 
i.e. uniform limit of a sequence of downward half Cauchy continuous functions is 
downward half Cauchy continuous. 

Theorem 9. // (/„) is a sequence of downward half Cauchy continuous functions 
defined on a subset E of R and (/„) is uniformly convergent to a function f, then 
f is downward half Cauchy continuous on E. 

Proof. Let e > 0. Then there exists a positive integer N such that \ f n (x)—f(x)\ < § 
for all x G E whenever n > N. Take any downward half Cauchy sequence (x n ) of 
points in E. As /jy is downward half Cauchy continuous, the sequence (fN(x n )) is 
a downward half Cauchy sequence, so there exists a positive integer N\, depending 
on e, and greater than N such that /Ar(x m ) — /at(x„) < | for m > n > N\. Now 
for m > n > N\ we have 

f(x m ) - f{x n ) = f(x m ) - fN(x m ) + /iV^m) - /iV^n) + /iV^n) ~ f{x n ) 

S 

< f(x m ) - fN{x m ) + 3 + fN(x n ) - f(x n ) 

< \.f(x m ) - Mz m )| + | + \f N (x n ) ~ f(x n )\ - | + | + | =£ - 

□ 
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Now we introduce a definition of upward half quasi-Cauchy compactness of a 
subset of R. 

Definition 10. A subset E of R is called upward half quasi-Cauchy compact if 
whenever x = (x n ) is a sequence of points in E there is an upward half quasi-Cauchy 
subsequence z = (zk) = (x nk ) of x. 

Firstly, we note that any finite subset of R is upward half quasi-Cauchy com- 
pact, union of two upward half quasi-Cauchy compact subsets of R is upward half 
quasi-Cauchy compact and intersection of any upward half quasi-Cauchy compact 
subsets of R is upward half quasi-Cauchy compact. Furthermore any subset of 
an upward half quasi-Cauchy compact set is upward half quasi-Cauchy compact 
and any bounded subset of R is upward half quasi-Cauchy compact. Any compact 
subset of R is also upward half quasi-Cauchy compact, and the set of negative inte- 
gers is not upward half quasi-Cauchy compact. We note that any slowly oscillating 
compact subset of R is upward half quasi-Cauchy compact. 

Now we give the concept of upward half quasi-Cauchy continuity of a function 
defined on a subset of R to R. 

Definition 11. A function / is called upward half quasi-Cauchy continuous on E if 
the sequence (f(x n )) is upward half quasi-Cauchy whenever x = (x n ) is an upward 
half quasi-Cauchy sequence of points in E. 

We see that sum of two upward half quasi-Cauchy continuous functions is up- 
ward half quasi-Cauchy continuous and composite of two upward half quasi-Cauchy 
continuous functions is upward half quasi-Cauchy continuous. 

In connection with upward half quasi-Cauchy sequences and convergent sequences 
the problem arises to investigate the following types of continuity of functions on 
R. 

(5+): (x n ) (f(x n )) g A+ 

(5+c): (x n ) £A+4 (/(i B )) G c 
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(c): (x n ) ec^ (f(x n )) e c 
(c5+): (z n ) g c => (/(z„)) e A+ 

We see that (S + ) is upward half quasi-Cauchy continuity of /. It is easy to see 
that (5 + c) implies (<5 + ), and (S + ) docs not imply (<5 + c); and (5 + ) implies (c<5+), 
and (c5 + ) does not imply (<5 + ); (<5 + c) implies (c) and (c) does not imply (<5 + c); and 
(c) is equivalent to (c6 + ). 

Now we prove that (<5+) implies (c) in the following: 

Theorem 10. If f is upward half quasi-Cauchy continuous on a subset E of R, 
then it is continuous on E in the ordinary sense. 

Proof. Let (x n ) be any convergent sequence with lim^oo Xk = I. Then 

{x\ , £ : X2 7 ^, x ni ...) 

is also convergent to I. So it is upward half quasi-Cauchy. Hence 

(f (x^ J(£),f(x 2 ),f (£),..., f(x n ),f (£),...) 

is upward half quasi-Cauchy. Let e > 0. There exists an no & N so that f(x n )—£ < 
e and I — f(x n ) < e for n > n . Hence \ f(x n ) — l\ < e for n > n . It follows from 
this that the sequence (f(x n j) converges to f(£). This completes the proof of the 
theorem. □ 

Now we state the following result related to statistical continuity and upward 
half quasi-Cauchy continuity. 

Corollary 5. If f is upward half quasi-Cauchy continuous, then it is statistically 
continuous. 

Theorem 11. Upward half quasi-Cauchy continuous image of any upward half 
quasi-Cauchy compact subset of R is upward half quasi-Cauchy compact. 

Proof. Write y n = f{x n ) where x n e E for each n e N. upward half quasi-Cauchy 
compactness of E implies that there is an upward half quasi-Cauchy subsequence of 
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the sequence of x. Write (tk) = /(z) = (f(zk)). (tk) is an upward half quasi-Cauchy 
subsequence of the sequence /(x). This completes the proof of the theorem. □ 

Corollary 6. Upward half quasi-Cauchy continuous image of any compact subset 
of R is compact. 

It is a well known result that uniform limit of a sequence of continuous functions 
is continuous. This is also true in case upward half quasi-Cauchy continuity, i.e. 
uniform limit of a sequence of upward half quasi-Cauchy continuous functions is 
upward half quasi-Cauchy continuous. 

Theorem 12. If (f n ) is a sequence of upward half quasi-Cauchy continuous func- 
tions defined on a subset E of R and (/„) is uniformly convergent to a function f, 
then f is upward half quasi-Cauchy continuous on E. 

Proof. Let e > 0. Then there exists a positive integer N such that \f n (x)—f(x)\ < § 
for all x G E whenever n> N. Take any upward half quasi-Cauchy sequence (x n ) 
of points in E. Since /jv is an upward half quasi-Cauchy continuous function, there 
exists a positive integer Aq, depending on e, and greater than N such that 

/jv(aJn) - fw(x n +l) < g 

for n > N\. Now for n > N\ we have 

f{x n ) - f{x n+ i) = f(x n ) - fN(x n ) + fN(x n ) - /jv(ln+l) + ./nO«+i) - /(^n+l) 

< f{x n ) - fN(x n ) + | + fN {X n +l) - f{x n +l) 
< \f(Xn) - fN(x n )\ + | + \f N (x n +l) - f(x n +l)\ - | + | + | = £ - 

□ 

Now we introduce a definition of downward half quasi-Cauchy compactness of a 
subset of R. 
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Definition 12. A subset E of R is called downward half quasi-Cauchy compact if 
whenever x = (x n ) is a sequence of points in E there is an downward half quasi- 
Cauchy subsequence z = (zk) — {x nk ) of x. 

Firstly, we note that any finite subset of R is downward half quasi-Cauchy com- 
pact, union of two downward half quasi-Cauchy compact subsets of R is downward 
half quasi-Cauchy compact and intersection of any downward half quasi-Cauchy 
compact subsets of R is downward half quasi-Cauchy compact. Furthermore any 
subset of an downward half quasi-Cauchy compact set is downward half quasi- 
Cauchy compact and any bounded subset of R is upward half quasi-Cauchy com- 
pact. Any compact subset of R is also upward half quasi-Cauchy compact, and the 
set of negative integers is not downward half quasi-Cauchy compact. We note that 
any slowly oscillating compact subset of R is downward half quasi-Cauchy compact. 

Now we give the definition of downward half quasi-Cauchy continuity of a real 
function in the following: 

Definition 13. A function / is called downward half Cauchy continuous on E if 
the sequence (f(x n )) is downward half Cauchy whenever x = (x n ) is an downward 
half Cauchy sequence of points in E. 

We note that sum of two downward half quasi-Cauchy continuous functions is 
downward half quasi-Cauchy continuous and composite of two downward half quasi- 
Cauchy continuous functions is downward half quasi-Cauchy continuous. 

In connection with downward half quasi-Cauchy sequences and convergent se- 
quences the problem arises to investigate the following types of continuity of func- 
tions on R. 

(S-): (x n ) (f(x n )) e A" 

(J-c): (x n ) e A- => (f(x n )) e c 
(c): (x n ) £c4 (/(#„)) e c 
(ccT): (x n ) ec^ (f(x n )) G A" 
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We see that (5~) is downward half quasi-Cauchy continuity of / and (c) again 
states the ordinary continuity of /. It is easy to see that (S~c) implies (S~), and 
(S~) does not imply (S~c); and (S~) implies (cS~), and (cS~) does not imply (8~); 
(S~c) implies (c) and (c) does not imply (5~c); and (c) is equivalent to (cS~). 

Now we give the implication (S~) implies (c), i.e. any downward half quasi- 
Cauchy continuous function is continuous in the ordinary sense. 

Theorem 13. If f is downward half quasi-Cauchy continuous on a subset E of R, 
then it is continuous on E in the ordinary sense. 

Proof. Let (x n ) be any convergent sequence with linifc^oo Xk = L Then 

{x\ , £ : X2 7-^7 x ni ...) 

is also convergent to I. So it is downward half quasi-Cauchy. Hence 

(f ( Xl ), f (£), f (x 2 ), f (£),..., f(x n ),f (£),...) 

is downward half quasi-Cauchy. Let e > 0. There exists an no G N so that 
f{x n ) — I < e and I — f(x n ) < e for n > n . Hence \ f(x n ) — I \ < e for n > n . It 
follows from this that the sequence {f{x n j) converges to f(£). This completes the 
proof of the theorem. □ 

Now we state the following result related to statistical continuity and downward 
half quasi-Cauchy continuity. 

Corollary 7. /// is downward half quasi-Cauchy continuous, then it is statistically 
continuous. 

Theorem 14. Downward half quasi-Cauchy continuous image of any downward 
half quasi-Cauchy compact subset of R is downward half quasi-Cauchy compact. 

Proof. Write y n — f(x n ) where x n e E for each n e N. downward half quasi- 
Cauchy compactness of E implies that there is a downward half quasi-Cauchy 
subsequence z = (zk) = {x nk ) of x. Write (tk) = /(z) = (f(zk)). Then (tk) is 
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a downward half quasi-Cauchy subsequence of the sequence /(x). This completes 
the proof of the theorem. □ 



Corollary 8. Downward half quasi-Cauchy continuous image of any compact subset 
of R is compact. 

It is a well known result that uniform limit of a sequence of continuous functions 
is continuous. This is also true in case downward half quasi-Cauchy continuity, i.e. 
uniform limit of a sequence of downward half quasi-Cauchy continuous functions is 
downward half quasi-Cauchy continuous. 

Theorem 15. If (/„) is a sequence of downward half quasi-Cauchy continuous 
functions defined on a subset E of R and (/„) is uniformly convergent to a function 
f , then f is downward half quasi-Cauchy continuous on E. 

Proof. Let e > 0. Then there exists a positive integer N such that \ f n (x)—f(x)\ < § 
for all x € E whenever n > N . Take any downward half quasi-Cauchy sequence 
(x n ) of points in E. Since fjy is downward half quasi-Cauchy continuous, there 
exists a positive integer Ni, depending on e, and greater than N such that 

s 

fN (x n +l ) - ,/WOn) < g 

for n > N\. Now for n > N\ we have 

f{x n +l) - f(Xn) = f(Xn+l) - /w(«n+l) + /«(ln+l) - /jv(^„) + - f(x n ) 

< f{x n +l) - fN(x n +l) + g + fN(x n ) - f{x n ) 
< \f(Xn+l) - fN(x n +l)\ + | + |/iv(Zn) ~ f{x n )\ - | + | + | = £ - 

□ 

For a further study, we suggest to investigate upward and downward half quasi- 
Cauchy sequences of fuzzy points, and upward and downward half continuity for the 
fuzzy functions (sec [29] for the definitions and related concepts in fuzzy setting). 
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However due to the change in settings, the definitions and methods of proofs will 
not always be analogous to those of the present work. 
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